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ON DEFINING PRODUCTS OF COBORDISM CLASSES OF
MORSE FUNCTIONS
NAOKI KITAZAWA
Abstract. (Co)bordisms of manifolds and maps are fundamental and impor-
tant objects in algebraic and differential topology of manifolds and related
studies were started by Thom etc.. Cobordisms of Morse functions were in-
troduced and have been studied as a branch of the algebraic and differential
topological theory of Morse functions and their higher dimensional versions, or
the global singularity theory, by Kalma´r, Ikegami, Sadykov, Saeki, Wrazidlo,
Yamamoto etc. since 2000s.
Cobordism relations are in most cases defined as the following for example;
two closed manifolds of a fixed dimension or maps on them into a fixed space
are said to be cobordant if the disjoint union is the boundary of a compact man-
ifold or the restriction of a map satisfying suitable conditions on the manifold
into the product of the target space and the closed interval. Such relations
induce structures of modules consisting of all obtained equivalence classes such
that the sums are defined by procedures of taking disjoint unions and in the
cases of manifolds, ring structures such that the products are defined by the
procedures of taking products, are also introduced.
In this paper, as a new algebraic topological study, we try to define a
product of two cobordism classes of Morse functions and show that a natural
method fails, by presenting explicit examples which are regarded as obstruc-
tions.
1. Introduction and Preliminaries
(Co)bordisms of manifolds and maps are fundamental and important objects in
algebraic and differential topology of manifolds. In [1], [19], [13] etc., fundamental
and advanced theory on (co)bordisms are explained and to know precisely, see them.
In this paper, cobordisms of Morse functions, studied in [6], [7], [17] etc. first
and later in [9], [18], [24] etc., are fundamental objects, They are introduced and
studied in the context of the algebraic and differential topological theory of Morse
functions and their higher dimensional versions, or the global singularity theory.
Note that before such studies, as good generic maps having no singular points,
cobordisms of smooth maps such as immersions and embeddings and versions for
maps having singular points have been studied in [21], [22] and later by [14] etc.
and the methods are algebraic and differential topological as the classical studies
of cobordisms of manifolds in the beginning of this section. Note also that most of
the studies of cobordisms of Morse functions, their higher dimensional versions etc.
just before are geometric topological, combinatoric or based on explicit singularity
theory such as eliminations of singular points of a type called cusp ([12]).
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For the algebraic and differential topological theory of Morse functions and their
higher dimensional versions, fold maps are fundamental and important. A fold map
from an m-dimensional manifold wth no boundary into an n-dimensional manifold
with no boundary satisfying the relation m ≥ n ≥ 1 is a smooth map such that the
form at each singular point p is
(x1, · · · , xm) 7→ (x1, · · · , xn−1,
m−i(p)∑
k=n
xk
2 −
m∑
k=m−i(p)+1
xk
2)
for an integer 0 ≤ i(p) ≤ m−n+12 . As a fundamental property, i(p) is unique. In
addition, the set of all singular point of a fixed i(p) is a smooth closed submanifold
of dimension n− 1 and the map obtained by the restriction of the original map to
the submanifold is a smooth immersion. Note that a Morse function is a fold map,
that at a singular point p of a Morse function f , the function is of the form
(x1, · · · , xm) 7→
m−i(p)∑
k=n
xk
2 −
m∑
k=m−i(p)+1
xk
2 + f(p)
for a uniquely detrmined integer 0 ≤ i(p) ≤ m respecting the orientation of the
target space R (we call it the index of p) and the singular points appear discretely.
As a well-known fact, Morse functions such that at distinct singular points, the
values are distinct, exist densely.
For fundamental and advanced singularity theory and differential topological
properties of Morse functions, fold maps and more general generic maps such as
generic smooth maps on manifolds whose dimensions are larger than 1 into the
plane with finite numbers of singular points of the cusp type before (and other
singular points are of the type of a singular point of a fold map), see [3] and [16]
for example.
We review a fold cobordism of Morse functions, introduced and studied in [7],
[17] etc..
Definition 1. Two Morse functions f1 : M1 → R and f2 : M2 → R on (resp.
oriented) closed manifolds of dimension m > 1 are said to be (resp. oriented) fold
cobordant.
(1) M1 and M2 is (resp. oriented) cobordant and there exists a smooth (resp.
oriented) compact manifold W satisfying ∂W =M1 ⊔M2.
(2) There exists a smooth map F : W → R× [0, 1] such that the following hold.
(a) The relations F (∂W ) ⊂ R× {0, 1} and F (IntW ) ⊂ R× (0, 1) hold.
(b) Fi|Mi :Mi → R× {i− 1} ⊂ R× [0, 1] holds.
(c) For the projection to the first component pr, the relation fi = pr◦Fi|Mi
holds.
(3) F |IntW : IntW→ R× (0, 1) is a fold map.
For a closed manifold M of dimension m ≥ 1 and a Morse function f , we
denote the number of singular points of index j by Cj(f) and set φj(f) := Cj(f)−
Cm−j(f). Let Nm (Ωm) be the smooth m-dimensional (resp. oriented) cobordism
group of closed manifolds and for the (oriented) manifold M , we denote the (resp.
oriented) cobordism class represented by M by [M ] ∈ Nm (resp. [M ] ∈ Ωm). In
addition, Definition 1 gives a natural commutative group structure on the set of all
equivalence classes of functions on closed (oriented) manifolds; the sum is defined
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by the produce of taking the disjoint union of two functions. We denote the group
by NM,m (resp. ΩM,m) and call it the m-dimensional (resp. oriented) cobordism
groups of Morse functions.
For an integer a, let ⌊a⌋ be the maximal integer not larger than a. The following
have been shown.
Theorem 1 ([6], [9] etc.). There exists a well-defined isomorphism from NM,m onto
Nm⊕⊕mj=⌊m+32 ⌋
Z defined by the direct sum of the map corresponding the cobordism
class represented by the source manifold and ⊕m
j=⌊m+32 ⌋
φj(f) where f represents a
Morse function representing an element of NM,m.
Theorem 2 ([6], [7] etc.). Let m be an integer represented by m = 4k + a where
k ≥ 0 is an integer and a = 0, 1, 2, 3.
Let a = 0, 2, 3. There exists a well-defined isomorphism from ΩM,m onto Nm ⊕
⊕m
j=⌊m+3
2
⌋
Z defined by the direct sum of the map corresponding the oriented cobor-
dism class represented by the source manifold and ⊕m
j=⌊m+32 ⌋
φj(f) where f repre-
sents a Morse function representing an element of ΩM,m.
In the case where a = 1, for a closed and oriented manifold M , let σ(M) =∑2k
j=0rankHj(M ;Q). Then, there exists a well-defined isomorphism from ΩM,m
onto Nm ⊕ ⊕mj=⌊m+32 ⌋
Z defined by the direct sum of the map corresponding the
oriented cobordism class represented by the source manifold, ⊕m
j=⌊m+32 ⌋
φj(f) and
the map corresponding σ(M) − ⊕2kj=0φj(f) ∈ Z/2Z where f represents a Morse
function on a closed manifold M representing an element of ΩM,m.
In this paper, as another algebraic topological study, we try to define a product
of elements in these modules and through Theorems 3 and 4, we explicitly show
that a natural method fails.
Note that such studies were also demonstrated in [11] for cobordism-like modules
introduced in [10] and structures were explicitly successfully obtained.
Such a module is defined by regarding two manifolds appearing in a same con-
nected component or adjacent connected components of the set of all regular values
of a generic smooth map compatible with simplicial structures of the source and
the target manifolds. Such modules have been introduced by the motivation of gen-
eralizing a theorem on the topology of Reeb spaces of maps, defined as the quotient
spaces of the source manifolds consisting of all connected components, in consid-
erable cases, being polyhedra of dimensions equal to the dimensions of the target
manifolds, inheriting topological information of the source manifolds, and in gen-
eral being fundamental tools in the theory of global singularity. See [4], [5] and [10]
for related studies and see [15] etc. for fundamental explanations of Reeb spaces.
Throughout the present paper, manifolds and maps between them are smooth
and of class C∞ unless otherwise stated. The singular set of a smooth map is
defined as the set of all singular points of the map, the singular value set of the
map is defined as the image of the singular set.
The author is a member of the project Grant-in-Aid for Scientific Research (S)
(17H06128 Principal Investigator: Osamu Saeki) ”Innovative research of geometric
topology and singularities of differentiable mappings”
(https://kaken.nii.ac.jp/en/grant/KAKENHI-PROJECT-17H06128/) and sup-
ported by the project.
4 NAOKI KITAZAWA
⤵
Figure 1. Given maps f1 and f2 and their singular values and
the map f and its singular values (singular values are represented
by dots where for f , only some of singular values are represented).
2. The main theorem
Lemma 1. Let fi : Mi → R be a Morse function on a closed manifold Mi of
dimension mi > 0 for i = 1, 2. Let F : M → R2 be a map on the manifold M =
M1×M2 defined as (the composition of) the product f1× f2 of the functions (resp.
and an affine transformation of the plane) and f be the map obtained by composing
F and the projection to the straight line including the diagonal canonically oriented
and regarded as R. Then f is Morse and a point p = (p1, p2) ∈ M is singular if
and only if fi is singular at pi for i = 1, 2 and the index of the singular point p is
regarded as the sum of the index of p1 and that of p2.
Proof. By the definition and FIGURE 1, we can see that a point onM is a singular
point of f if and only if fi is singular at pi for i = 1, 2. For the function f , at each
singular point, we can regard the Hesse matrix as
(
Hf1 O
O Hf2
)
where we denote
by Hfi the Hesse matrix of the function fi and by O a zero matrix. The index
of the Hesse matrix of f at the singular point, equal to the index of the singular
point, is the sum of the indices of the two Hesse matrices, equal to the indices of
the singular points of the functions. This completes the proof. 
Definition 2. A Morse function f obtained from two Morse functions f1 and f2
by a procedure as in Lemma 1 is said to be a diagonal Morse function obtained
from (f1, f2).
Note that such projections are fundamental and important in the global sin-
gularity theory in several explicit situations. For example, Fukuda’s formulae in
[2] etc., showing relations between Euler numbers of singular sets and the source
manifolds of maps explicitly, have been obtained by using such projections and re-
cently in [23], Wrazidlo has obtained a Morse function with just 2 singular points
by composing a canonical projection with a fold map into an Euclidean space whose
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singular set is diffeomorphic to a standard sphere such that the singular value set is
an embedded sphere or standard special generic map having additional symmetry
and restricting the differentiable structure of the source manifold, homeomorphic
to a standard sphere, to be diffeomorphic to the standard sphere.
In such a stream, by using Lemma 1, we have two theorems.
Theorem 3. Let fi : Mi → R be a Morse function on a closed manifold Mi of di-
mension mi > 0 for i = 1, 2 and assume that the relation m1 ≤ m2 holds. Then for
a diagonal Morse function f obtained from (f1, f2) and for an integer 0 ≤ j < ⌊m1⌋,
we have
φm1+m2−j(f) =
∑j
j1=0
Cm1−j+j1 (f1)Cm2−j1(f2)−
∑j
j1=0
Cj1(f1)Cj−j1 (f2).
The proof of Theorem 3. By Lemma 1 and the relations m1 ≤ m2 and 0 ≤ j <
⌊m1⌋, we have
φm1+m2−j(f) = cm1+m2−j(f)− Cj(f)
=
∑j
j1=0
Cm1−j+j1 (f1)Cm2−j1(f2)−
∑j
j1=0
Cj1(f1)Cj−j1 (f2)
and this completes the proof. 
Theorem 4. Let m and m′ be positive integers. For any function f on a closed
(oriented) m-dimensional manifold satisfying the relation φm(f) 6= 0 and any class
of NM,m′ (resp. ΩM,m′) such that for a function f ′, there exists an infinite family
{fk}k∈N⊔{0} of functions in the class such that resulting diagonal Morse functions
f ′k1 and f
′
k2
, obtained from (f, fk1) and (f, fk2), respectively, are in distinct classes
of NM,m+m′ (resp. ΩM,m+m′) for distinct functions fk1 and fk2 .
Proof. We apply theorem 3 in the case where j = 0 holds and for Morse func-
tions f and fk, on closed manifolds of dimensions m and m
′, respectively, we have
φm+m′(f
′
k) = Cm(f)Cm′(fk)−C0(f)C0(fk) for the resulting diagonal Morse func-
tion f ′k obtained from (f, fk). As the family {fk}, we construct the maps so that
φm′(fk) > 0 is invariant for any integer k ≥ 0 and that for distinct functions
fk1 and fk2 , the relation C0(fk1) 6= C0(fk2) holds. We can do this by applying
a fundamental relation between singular points of a Morse function and handles
in a suitable handle decomposition of the source manifold. More precisely, we
take a function representing the class and for any positive integer k > 0, add
just k cancelling pairs of j-handles, corresponding to singular points whose in-
dices are j, and (j + 1)-handles, corresponding to singular points whose indices
are j + 1, for each 0 ≤ j ≤ m′ − 1 and in addition, only in the case where m′
is represented as 4l + 1 for an integer l, one cancelling pair of a ⌊m
′
2 ⌋-handle and
a (⌊m
′
2 ⌋ + 1)-handle, to the source manifold and the function without changing
the source manifold. As a result, on the original manifold, we obtain the new
function fk with 2km
′ singular points added and k singular points whose indices
are 0 and m′ added. Theorems 1 and 2 show that the class each fk belongs to
is invariant by such an operation and using the obtained formula φm+m′(f
′
k) =
Cm(f)Cm′(fk)− C0(f)C0(fk) = Cm(f)(Cm′(f ′) + k)− C0(f)(C0(f ′) + k) and the
assumption φm(f) = Cm(f) − C0(f) 6= 0 in the beginning together with these
theorems leads us to the desired result. 
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Theorem 4 means that the class a diagonal Morse function belongs to is not
invariant even though the classes original two functions belong to are invariant.
We cannot define the class a resulting diagonal Morse function belongs to as the
product of the original two classes.
References
[1] M. F. Atiyah, Bordism and cobordism, Proc. Camb. Phil. Sco. 57., 200–208 (1961).
[2] T. Fukuda, Topology of folds, cusps and Morin singularities, in ”A Fete of Topology”, Aca-
demic Press, 1987, pp.331–353.
[3] M. Golubitsky and V. Guillemin, Stable Mappings and Their Singularities, Graduate Texts
in Mathematics (14), Springer-Verlag(1974).
[4] J. T. Hiratuka and O. Saeki, Triangulating Stein factorizations of generic maps and Euler
Characteristic formulas, RIMS Kokyuroku Bessatsu B38 (2013), 61–89.
[5] J. T. Hiratuka and O. Saeki, Connected components of regular fibers of differentiable maps,
in ”Topics on Real and Complex Singularities”, Proceedings of the 4th Japanese-Australian
Workshop (JARCS4), Kobe 2011, World Scientific, 2014, 61–73.
[6] K. Ikegami, Cobordism group of Morse functions on manifolds, Hiroshima Math. J. 34 (2004),
211–230.
[7] K. Ikegami and O. Saeki, Cobordism group of Morse functions on surfaces, J. Math. Soc.
Japan 55 (2003), 1081–1094.
[8] K. Ikegami and O. Saeki, Cobordism of Morse maps and its application to map germs, Math.
Proc. Camb. Phil. Soc. 147 (2009), 41–66.
[9] B. Kalma´r, Cobordism group of Morse functions on unoriented surfaces, Kyushu J. Math. 59
(2005), 351–363.
[10] N. Kitazawa, Smooth maps compatible with simplicialstructures and inverse images, submit-
ted to a refereed journal, arxiv:1802.06381.
[11] N. Kitazawa, Products of elements of cobordism-like modules induced from generic maps,
arxiv:1902.00943.
[12] H. I. Levine, Elimination of cusps, Topology 3, suppl. 2 (1965), 263–295.
[13] J. Milnor, Lectures on the h-cobordism theorem, Math. Notes, Princeton Univ. Press, Prince-
ton, N.J. 1965.
[14] R. Rima´nyi and A. Szu˜cs, Pontrjagin-Thom-type construction for maps with singularities,
Topology 37 (1998), 1177–1191.
[15] G. Reeb, Sur les points singuliers d´une forme de Pfaff comple´tement inte`grable ou d´une
fonction nume´rique, Comptes Rendus Hebdomadaires des Se´ances de I´Acade´mie des Sciences
222 (1946), 847–849.
[16] O. Saeki, Notes on the topology of folds, J. Math. Soc. Japan Volume 44, Number 3 (1992),
551–566.
[17] O. Saeki, Cobordism groups of special generic functions and groups of homotopy spheres,
Japan. J . Math. (N. S.) 28 (2002), 287–297.
[18] O. Saeki and T. Yamamoto, Cobordism group of Morse functions on surfaces with boundary,
Real and Complex Singularities, Proc. XIII International Workshop on Real and Complex
Singularities, Sa˜o Carlos, 2014, 279–297, Contemporary Mathematics, Vol. 675, 2016.
[19] R. E. Stong, Notes on cobordism theory, Princeton Universty Press, 1968.
[20] R. Thom, Quelques proprie´te´s globales des varie´te´s diffe´rentiables, Commentarii Mathematici
Helvetici 28, 17–86 (1954).
[21] C. T. C. Wall, Determination of the cobordism ring, Ann. of Math. 72 (1960), 292-311.
[22] R. Wells, Cobordism groups of immersions, Topology 5 (1996), 281–294.
[23] D. J. Wrazidlo, Standard special generic maps of homotopy spheres into Eucidean spaces,
Topology Appl. 234 (2018), 348–358, arxiv:1707.08646.
[24] D. J. Wrazidlo, Bordism of constrained Morse functions, arxiv:1803.11177.
Institute of Mathematics for Industry, Kyushu University, 744 Motooka, Nishi-ku
Fukuoka 819-0395, Japan
E-mail address: n-kitazawa.imi@kyushu-u.ac.jp
